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A PSl  i i  AC T 

I n  t h i s  t hes i s  we p r e s e n t   t h e   b a s i c   i n f o r m a t i o n - t h e o r e t i c  

c o n c e p t s  as u t i l i z e d   i n   m e a s u r i n g  t he  a m o u n t   o f   i n f o r m a t i o n  

c o n t a i n e d   i n  a g i v e n   e x p e r i m e n t .   O u r   m a i n   o b j e c t  i s  t h e   s t u d y  

of  t h e  c o n c e p t   o f   e n t r o p y  which i s  d e f i n e d  as a measu re   o f  

t he   amoun t  of  u n c e r t a i n t y .  An e x t e n s i v e   b u t   c o n c i s e   r e v i e w  

of  t h e  v a r i o u s   s e e m i n g l y   d i f f e r e n t   a p p r o a c h e s   t o   t h e   n o t i o n  

of  e n t r o p y  i s  made ,  a n d   p r e c i s e   f o r m u l a t i o n s  are g i v e n   f o r  

comput ing  t h e  e n t r o p y   f u n c t i o n   f o r  ( i )  t h e   d i s c r e t e   p r o b a b i l i t y  

d i s t r i b u t i o n ,  ( i i)  t h e  c c l n t i n u o u s   p r o b a b i l i t y   d i s t r i b u t i o n ,  

( iii) t h e  g e n e r a l i z e d   p r o b a b i l i t y   d i s t r i b u t i o n ,   a n d   ( i v )  

Markov c h a i n s .  

N e x t ,   a n   i n v e s t i g a t i o n   o f  t h e  e v o l u t i o n  o f  random  graphs  

i s  made f rom t h e  v i e w p o i n t   o f   i n f o r m a t i o n   t h e o r y .  A g r a p h ,  

a n d   e s p e c i a l l y  a d i g r a p h ,  has been  shown  by  Bhargava, among 

o t h e r s ,   t o  b e  a r e a s o n a b l e   p r o b a b i l i s t i c   m o d e l   i n  many a p p l i e d  

s i t u a t i o n s   s u c h  as g roup   dynamics   and   communica t ion   t heo ry .  

T i m e  c h a n g e s   i n   s u c h  a g r a p h  a re  desc r ibed  by  means  of t h e  

e v o l u t i o n   o f  a r a n d o m   g r a p h ,   w h i c h   i n   t u r n  i s  f o r m u l a t e d   i n  

terms of a s t o c h a s t i c   p r o c e s s .   I n   t h i s  t hes i s  we e v a l u a t e  

t h e   e n t r o p y   f u n c t i o n  f o r  s u c h   r a n d o m   g r a p h s   i n  a few s p e c i a l  

c a s e s .  
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F i n a l l y ,  a s p e c i f i c   g r o u p   d y n a m i c s   p r o b l e m  i s  c o n s i d e r e d ,  

a n d   t h e   e n t r o p y  i s  computed for t h e   e x a c t   a n a   a p p r o x i m a t e  

p r o b a b i l i t y   d i s t r i b u t i o n s  of  t w o   p a r t i c u l a r   c a s e s .  A b r i e f  

e m p i r i c a l   e x a m i n a t i o n   o f   t h e s e   n u m e r i c a l   c o m p u t a t i o n s  i s  

a l s o   m a d e .  
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I N T R O D U C T I O N  AND SUMMARY 

The   pu rpose   o f  th i s  t h e s i s  i s  t w o f o l d :  ( i )  t o   p r e s e n t  

a r e v i e w   o f   b a s i c   i n f o r m a t i o n - t h e o r e t i c   c o n c e p t s  as u t i l i z e d  

i n   m e a s u r i n g  t h e  a m o u n t   o f   i n f o r m a t i o n   c o n t a i n e d   i n  a g i v e n  

e x p e r i m e n t ,   a n d  (ii) t o   i n v e s t i g a t e   t h e   e v o l u t i o n   o f   r a n d o m  

g r a p h s   f r o m  t h e  v i e w p o i n t   o f   i n f o r m a t i o n   t h e o r y .  

I n f o r m a t i o n   t h e o r y  i s  e s s e n t i a l l y  a b r a n c h   o f  t h e  

m a t h e m a t i c a l   t h e o r y   o f   p r o b a b i l i t y   a n d   s t a t i s t i c s   a n d  has 

a p p l i c a t i o n s   i n   s u c h   f i e l d s  as s t a t i s t i c a l   p h y s i c s ,   q u a n t u m  

m e c h a n i c s ,   a n d   b i o l o g i c a l   s c i e n c e s .   H o w e v e r ,  t h e  n o t i o n   o f  

i n f o r m a t i o n  as w e  know i t  t o d a y  has i t s  b a s i c   f o u n d a t i o n s  

i n  t h e  f i e l d  o f   communica t ion   t heo ry .  A s imp le   communica t ion  

s y s t e m  c o n s i s t s   o f   a n   i n f o r m a t i o n   s o u r c e ,  a t r a n s m i t t e r ,  a 

c h a n n e l ,  a r e c e i v e r ,   a n d  a d e s t i n a t i o n .  The i n f o r m a t i o n  

s o u r c e   c o n t a i n s  a s e t   o f   p o s s i b l e   m e s s a g e s   f r o m   w h i c h  a 

d e s i r e d   m e s s a g e  i s  c h o s e n .  T h i s  message  i s  t h e n   c h a n g e d   i n t o  

some s o r t   o f   s i g n a l ,  by  means   o f   cod ing ,   t o  be  t r a n s m i t t e d  

a l o n g   t h e   c h a n n e l   t o  t h e  r e c e i v e r   w h e r e  i t  i s  decoded   and  

s e n t   t o  i t s  d e s t i n a t i o n .  Any d i s t o r t i o n   o f  t h e  o r i g i n a l  

s i g n a l  i s  c a l l e d   n o i s e .  



The a m o u n t   o f   i n f o r m a t i o n   o b t a i n e d   f r o m   s u c h  a s y s t e m  

i s  n o t   c o n t a i n e d   i n  t h e  s i n g l e  message r e c e i v e d ,  t h a t  i s ,  

i n f o r m a t i o n  has n o   r e l a t i o n s h i p   t o  t h e  m e a n i n g   o f   t h e   m e s s a g e .  

I n s t e a d ,  t h e  c o n c e p t   o f   i n f o r m a t i o n   a p p l i e s  to t h e  s i t u a t i o n  

a s  a whole  and i s  a measu re   o f  t h e  f r eedom of  c h o i c e   i n  

s e l e c t i n g   t h e   m e s s a g e .  If t h e r e  i s  c o m p l e t e   c h o i c e   i n  

s e l e c t i o n ,  t h a t  i s ,  i f  a l l  messages a re  e q u a l l y  l i k e l y  t o  b e  

c h o s e n ,   t h e n  maximum i n f o r m a t i o n  i s  o b t a i n e d .   H o w e v e r ,  i f  

t h e   p r o b a b i l i t i e s   o f   b e i n g   c h o s e n   a r e   d i f f e r e n t   f o r   v a r i o u s  

messages o f  t h e  s e t ,  t h e n   t h e   m e a s u r e  o f  i n f o r m a t i o n   b e c o m e s  

a n   o b v i o u s   f u n c t i o n  o f  t h e s e   p r o b a b i l i t i e s .  

The s t a t i s t i c a l   c o n c e p t  of  i n f o r m a t i o n  as i n t r o d u c e d  b y  

F i s h e r   c o n s i s t s   i n   m e a s u r i n g   t h e   a m o u n t   o f   i n f o r m a t i o n   d i r e c t l y  

f r o m   t h e   g i v e n   e x p e r i m e n t .  More s p e c i f i c a l l y ,   i n   l a r g e  

s a m p l e s ,  a n u m e r i c a l   m e a s u r e   o f   i n f o r m a t i o n ,   w h i c h  t h e  sample  

c o n t a i n s   a n d   w h i c h  i s  r e l e v a n t   t o  t h e  p a r a m e t e r ,  i s  o b t a i n e d  

as t h e  r e c i p r o c a l   o f   t h e   v a r i a n c e   o f   t h e   e s t i m a t o r .   H o w e v e r ,  

l a t e r  i t  was f o u n d   m o r e   f r u i t f u l   t o   d e f i n e  a measu re  of  

i n f o r m a t i o n  by d e t e r m i n i n g   t h e   a m o u n t   o f   u n c e r t a i n t y   i n v o l v e d  

i n  t h e  e x p e r i m e n t .  T h a t  t h i s  s h o u l d  b e  s o  f o l l o w s  f rom t h e  

o b s e r v a t i o n  t h a t ,  a p r i o r i ,   j u s t   b e f o r e   a n   e x p e r i m e n t  i s  

c a r r i e d   o u t   o u r   i n t e r e s t  l i e s  i n  t h e  a m o u n t   o f   u n c e r t a i n t y  

i n v o l v e d   i n  t h e  ou tcome   o f   t he   expe r imen t  , w h i l e ,  p o s t e r i o r i ,  

a f t e r  t h e   e x p e r i m e n t  has b e e n   c a r r i e d   o u t   o u r   c o n c e r n  i s  t h e  
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a m o u n t   o f   i n f o r m a t i o n   g a i n e d   f r o m  t h e  e x p e r i m e n t .  It i s  n o t  

v e r y   s u r p r i s i n g   t h e n  t h a t  t h e  m e a s u r e   o f   i n f o r m a t i o n   a n d   t h e  

m e a s u r e   o f   u n c e r t a i n t y  are  found  t o  be  c l o s e l y  r e l a t ed  to 

e a c h   o t h e r .  

O u r   m a i n   c o n c e r n   i n   t h i s  t hes i s  i s  t h e  i n f o r m a t i o n -  

t h e o r e t i c   c o n c e p t   o f   e n t r o p y   w h i c h  i s  d e f i n e d   t o  be a 

measu re   o f   t he   amoun t   o f   unce r t a in ty .   The  f i r s t  s y s t e m a t i c  

s t u d y   o f   e n t r o p y   a n d  i t s  p r o p e r t i e s  was made  by Shannon 

a p p r o x i m a t e l y   t w e n t y  years  a g o .   S i n c e   t h a t  time many well-  

known m a t h e m a t i c i a n s   s u c h  as K h i n c h i n ,   F e i n s t e i n ,   W o l f o w i t z ,  

RGnyi a n d   P i n s k e r   h a v e  made i m p o r t a n t   c o n t r i b u t i o n s  to t h e  

m a t h e m a t i c a l   s o u n d n e s s   a n d   t h e o r e t i c a l   d e v e l o p m e n t   o f  t h e  

f i e l d   o f   i n f o r m a t i o n   t h e o r y ,   m a i n l y   f r o m  t h e  v i e w p o i n t   o f  

e n t r o p y .  

/ 

Today t h e r e  e x i s t  t w o   b a s i c   a p p r o a c h e s   f o r   m e a s u r i n g  

i n f o r m a t i o n :  ( i )  t h e   a x i o m a t i c ,  or p o s t u l a t i o n a l ,   a p p r o a c h ,  

and  ( i i )  t h e   p r a g m a t i c   a p p r o a c h .  The a x i o m a t i c   a p p r o a c h  

has been   found  to b e   m o r e   u s e f u l   i n   p r a c t i c e   t h a n  t h e  p r a g m a t i c  

a p p r o a c h ;   h o w e v e r ,   t h e s e   t w o   p o i n t s   o f   v i e w   a r e   n o t   r e a l l y  

opposed  t o  e a c h   o t h e r .  We d i s c u s s   t h e s e   a p p r o a c h e s  a t  some 

l e n g t h  l a t e r  i n  t h i s  t h e s i s .  

A g r a p h ,   e s p e c i a l l y  a d i g r a p h ,   w h i c h   c o n s i s t s  o f  a 

s e t  o f   p o i n t s ,   a n d  a s e t  o f   e d g e s   d e f i n e d   b e t w e e n  some o r  

a l l  p a i r s   o f   p o i n t s   i n   t h e  s e t ,  has been  shown by B h a r g a v a ,  

among o t h e r s ,   t o  b e  a r e a s o n a b l e   p r o b a b i l i s t i c   m o d e l ,  
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u n d e r   s u i t a b l e   a s s u m p t i o n s ,   i n   c e r t a i n   p r a c t i c a l   s i t u a t i o n s .  

T i m e  c h a n g e s   i n   s u c h  a g r a p h  (or d i g r a p h )   c a n  be d e s c r i b e d  

by means  of t h e  e v o l u t i o n   o f  a r a n d o m   g r a p h ,   w h i c h   i n   t u r n  

can b e  f o r m u l a t e d   i n  terms of a s t o c h a s t i c   p r o c e s s .   I n   t h i s  

thes i s  we e v a l u a t e   t h e   e n t r o p y   f u n c t i o n   f o r   s u c h   m o d e l s   i n  

a few s p e c i a l   c a s e s .  

The f i r s t  c h a p t e r   o f  t h i s  t h e s i s  i s  e n t i r e l y   d e v o t e d  

t o   v a r i o u s   a p p r o a c h e s   t o  t h e  n o t i o n   o f   i n f o r m a t i o n   a n d  

e n t r o p y ,   a n d   w h e n e v e r   p o s s i b l e   o r   r e l e v a n t ,   t o  a c o m p a r a t i v e  

s t u d y  o f  t h e s e   s e e m i n g l y   d i f f e r e n t   a p p r o a c h e s .   I n   s e c t i o n  

1.1 we g i v e   d e f i n i t i o z s   o f   s t a t i s t i c a l   i n f o r m a t i o n  as g i v e n  

by  F i s h e r ,   S h a n n o n   a n d   K u l l b a c k .   I n   s e c t i o n  1 . 2  a x i o m a t i c  

a p p r o a c h e s   t o   t h e   d e f i r , i t i o n  of  e n t r o p y  as expounded b y  

Shannon,   Khinchin   and   R6nyi  a re  p r e s e n t e d .   F i r s t ,  we d e f i n e  

t h e   e n t r o p y  for t h e  s i m p l e s t   c a s e ,   n a m e l y   f o r   t h e   f i n i t e  

d i s c r e t e   p r o b a b i l i t y   d i s t r i b u t i o n ,   t h e n   f o r  t h e  c o n t i n u o u s  

p r o b a b i l i t y   d i s t r i b u t i o n ,   a n d   f i n a l l y   f o r   t h e   g e n e r a l i z e d  

p r o b a b i l i t y   d i s t r i b u t i o n .  The p r a g m a t i c   a p p r o a c h   o f   W o l f o w i t z  

i s  p r e s e n t e d   i n   s e c t i o n  1 . 3 ,  w i t h  a few s h o r t  remarks compar ing  

i t  w i t h   t h e   a x i o m a t i c   a p p r o a c h  as g i v e n   i n   s e c t i o n  1 . 2 .  

A u n i f i e d   a p p r o a c h   t o  t h e  m a t h e m a t i c a l   d e f i n i t i o n   o f  

e n t r o p y  d i r e c t l y  i n  terms o f   i n f o r m a t i o n ,  as g i v e n  by  

Dobrush in   and   expounded   by   P inske r ,  i s  g i v e n   i n   s e c t i o n  

1 . 4 ,  w h i l e  a d e f i n i t i o n   o f   e n t r o p y   f o r   M a r k o v   c h a i n s  as 

d e v e l o p e d  by  Ambarcumjan i s  g i v e n   i n   s e c t i o n  1 . 5 .  F i n a l l y ,  

we m e n t i o n   a n   a x i o m a t i c   c h a r a c t e r i z a t i o n  of e n t r o p y ,   w i t h o u t  

4 



p r e s u p p o s i n g   p r o b a b i l i t y ,   b y   m e a n s   o f   f i n i t e   B o o l e a n   r i n g s ,  

as g i v e n  by I n g a r d e n   a n d   U r b a n i k .  

I n  t h e  s e c o n d   c h a p t e r ,  f i r s t  o f  a l l ,  some b a s i c  

r e l e v a n t   d e f i n i t i o n s   f r o m   t h e   t h e o r y   o f   g r a p h s ,   d i r e c t e d  

g r a p h s ,   a n d   r a n d o m   g r a p h s  as s t u d i e d  by E r d O s ,  R e n y i ,  G i l b e r t ,  

and   Bhargava  are g i v e n   i n   s e c t i o n s  2 . 1  and  2 . 2 .  A measure  

o f   e n t r o p y   f o r   d i f f e r e n t   k i n d s   o f   r a n d o m   g r a p h s   a n d   d i g r a p h s  

i s  d e r i v e d   i n   s e c t i o n  2 .3 .  F i n a l l y ,   c o m p u t a t i o n s   o f  t h e  

e n t r o p y   f o r  a s p e c i f i c   p r o b a b i l i t y   m o d e l  a re  made i n   s e c t i o n  

2 . 4 .  
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CHAPTER I 

ENTROPY AND INFORMATION 

1.1 Statistical  Information 

Let x be a  random  variable  with the probability density 

function  given by  f(xl0). Let the density function  f satisfy 

the well-known  Cramer-Rao  conditions, and I(0) denote the 

information  function. 

Definition 1.1.1: (Fisher) 

Definition 1.1.2: (Shannon) 

I(0) = /[ln f(xle)lf(xl0)dx 

The  following  defines the information for "discriminating 

in  favor  of H1( el) against H2(e2)": 

Definition 1.1.3: (Kullback) 

I(e1,e2) = ~lnL:f(xIel)/f(xIe2)l  f(x)Ol)dx 

For  an extensive  historical  review  of  statistical 
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i n f o r m a t i o n   t h e o r y  w e  r e f e r  t o  t h e  e x c e l l e n t   p a p e r s  b y  

Cher ry  [4], F r a s e r  [lo], Green [131, and  Gnedenko [12]. 

1 .2   Ax iomat i c   Approach  t o  E n t r o p y  

En t ropy  o f  f i n i t e   d i s c r e t e   d i s t r i b u t i o n s :  L e t  A 1¶ A 2 Y  . ' .  Y 

A be a comple t e  s y s t e m  o f   e v e n t s ,  t h a t  i s ,  a s e t  o f   e v e n t s  

which a r e  m u t u a l l y   e x c l u s i v e   a n d   t o t a l l y   e x h a u s t i v e .  
n 

D e f i n i t i o n  1.2.1 The c o m p l e t e  s y s t e m  { A i ,  1 - < i - < n), 

t o g e t h e r  w i t h  i t s  p r o b a b i l i t y  s e t  {pi  = P ( A i ) ,  1 - < i - < n :  

P i  - <' 0 ,  1 pi = 11, i s  c a l l e d  a f i n i t e   s c h e m e ,   a n d  i s  
i=l 

d e n o t e d  b y  

E v e r y   f i n i t e   s c h e m e   d e s c r i b e s  a s t a t e  of u n c e r t a i n t y   a n d  

for many a p p l i c a t i o n s  i t  i s  d e s i r a b l e  t o   i r * t r o d u c e  a q u a n t i t y  

which i n  a r e a s o n a b l e  way measu res  t h e  amount of u n c e r t a i n t y .  

D e f i n i t i o n  1 . 2 . 2  The e n t r o p y  of t h e  f i n i t e  scheme A i s  a 

m e a s u r e   o f   u n c e r t a i n t y   o f  t h e  scheme  and i s  d e n o t e d  b y  

H ( p l ,   p 2 ,  . . . , p , ) ;  i t  i s  c h a r a c t e r i z e d  by t h e  f o l l o w i n g  

p o s t u l a t e s :  

P o s t u l a t e  1: H ( p ,  1 -p)  i s  c o n t i n u o u s   f o r  0 - < p I_ 1, 

and H ( 1 / 2 ,  1/2) = 1. 

P o s t u l a t e   2 :   H ( p 1 , p 2 ,   . . . , p n )  i s  a s y m m e t r i c a l   f u n c t i o n  

of  i t s  v a r i a b l e s .  

7 



P G s t u l a t e  3: If a l l  t h e   p i ' s  are  e q u a l ,   t h a t  i s ,  

pi= l / n   ( i = l , ; : . , n ) ,   t h e n  H i s  a mono- 

t o & c : i n c r e a s i n g   f u n c t i o n  of n .  

P o s t u l a t e  4 :  If 0 - < t < 1, t h e n  - 

Theorem 1.2.1 - (Shannon)  The o n l y   f u n c t i o n   s a t i s f y i n g  t h e  

a b o v e   p o s t u l a t e s ,   v i z .  1, 2 ,  3 ,  and 4 ,  i s  o f   t h e  form 

(1.2.1) 

where K i s  a p o s i t i v e   c o n s t a n t   w h i c h   d e p e n d s   u p o n   t h e   c h o i c e  

of  a u n i t   o f   m e a s u r e ,   a n d  all l o g a r i t h m s  a r e  t a k e n   t o  a n  

a r b i t r a r y  b u t   f i x e d  base ,  w i t h  p.log pi = 0 i f  pi = 0 .  
1 

P r o o f .  Le t  H($ . . . ,")= A ( n ) .  From p o s t u l a t e  (4) we 1 1 

can  decompose a c h o i c e   f r o m  s e q u a l l y  l i k e l y  p o s s i b i l i t i e s  m 

i n t o  a s e r i e s  o f  m c h o i c e s   e a c h   f r o m  s e q u a l l y  l i k e l y  p o s s i -  

b i l i t i e s  a n d   o b t a i n  

A ( s m )  = m A ( s )  

A ( t n )  = n A ( t )  
S i m i l a r l y  

We can   choose  n a r b i t r a r i l y  l a r g e   a n d   f i n d   a n  m t o  s a t i s f y  

T h u s ,   t a k i n g   l o g a r i t h m s   a n d   d i v i d i n g  b y  n l o g  s ,  
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o r ,  m A ( s )  < - n A ( t )  5 ( m + l ) A ( s ) .  

H e n c e ,   d i v i d i n g  by  n A ( s )  , 

Using  (1) anc! ( 2 )  above 

1 # - e 1 < 2 ~ ,  w h i c h   y i e l d s  A ( t )  = -K log t 
l o g  s - 

where K must b e  p o s i t i v e   t o  s a t i s f y  p o s t u l a t e  ( 3 ) .  

Now suppose  we have a c h o i c e  from n p o s s i b i l i t i e s  w i t h  

c o m m e a s u r a b l e   p r o b a b i l i t i e s  p = - where t h e  ni a r e  i n t e -  

g e r s .  We can  b r e a k  down a c h o i c e   f r o m  1 ni p o s s i b i l i t i e s  

i n t o  a c h o i c e  from n p o s s i b i l i t i e s   w i t h   p r o b a b i l i t i e s  

"i 
i crli 

P1Y . . -  ,p ,   and   then ,  i f  t h e  i t h  was c h o s e n ,  a c h o i c e   f r o m  

ni w i t h  e ' q u a l   p r o b a b i l i t i e s .   U s i n g   p o s t u l a t e  (4) a g a i n ,  

we e q u a t e  t h e  t o t a l   c h o i c e   f r o m  ni as computed  by  two 

methods 

K l o g  1 ni = ~ ( p ~ , .  . . , p n )  + K p i   l og   n i  

Hence 

If t h e  pi a re  incommeasurab le ,  t h e y  may be  a p p r o x i m a t e d  by  
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r a t i o n a l s   a n d  t h e  same e x p r e s s i o n   m u s t   h o l d  by o u r   c o n t i n u i t y  

a s s u m p t i o n .   T h u s   t h e   e x p r e s s i o n   h o l d s   i n   g e n e r a l .  The 

c h o i c e   o f   c o e f f i c i e n t  K i s  a matter of   convenience   and   amounts  

t o   t h e   c h o i c e   o f  a u n i t   o f   m e a s u r e .  

It  can  b e  shown ( s e e  [16]) t h a t  t h e  e n t r o p y   f u n c t i o n  

H ( p l ,   p 2 ,   . . . , p n )   h a s  t h e  f o l l o w i n g   p r o p e r t i e s ,  a l l  of   which 

we w o u l d   i n t u i t i v e l y   e x p e c t   o f  a r e a s o n a b l e  measure o f  

u n c e r t a i n t y .  

( i )  F o r  f i x e d  n the   s cheme  w i t h  t h e  m o s t   u n c e r t a i n t y  

i s  t h e  one w i t h  e q u a l l y  1 j . k e l y  ou tcomes ,  i . e . ,  pi = l / n ,  

i = 1, . . . ,  n .  

( i i )  F o r  two f i n i t e  schemes 

s u c h  tha t  A and B a re  m u t u a l l y   i n d e p e n d e n t ,  t h e  p r o b a b i l i t y  

I T ~ J  o f   t h e   j o i n t   o c c u r r e n c e   o f  t h e  e v e n t s  Ai and B i s  p i q j .  

The s e t  o f   e v e n t s  AiBj , (1 2 i - < n ,  1 - < j - < m )  , w i t h  p rob-  

a b i l i t i e s  m i j  r e p r e s e n t s   a n o t h e r   f i n i t e   s c h e m e ,   w h i c h  i s  

c a l l e d   t h e   p r o d u c t   o f  t h e  schemes A and B and  i s  d e s i g n a t e d  

j 

by  AB. 

If H ( A ) ,  H(B), and H ( A B )  a re  t h e  c o r r e s p o n d i n g   e n t r o p i e s  

o f   t h e   s c h e m e s  A ,  B y  and AB, t h e n  H ( A B )  = H ( A )  + H ( B ) .  

(iii) F o r  t h e   c a s e  where t h e   s c h e m e s  A and  B are  m u t u a l l y  

d e p e n d e n t ,  we d e n o t e  by  q i j   t h e   p r o b a b i l i t y  t h a t  t h e  e v e n t  
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B .  o f  t h e  scheme B o c c u r s ,   g i v e n  tha t  t h e  e v e n t  Ai o f  t h e  

scheme A has a l r e a d y   o c c u r r e d ,  s o  t h a t  
J 

If H (13) d e n o t e s  t h e  c o n d i t i o n a l   m a t h e m a t i c a l   e x p e c t a t i o n  
A 

of t h e  q u a n t i t y  H ( B )  i n  t h e  scheme A ,  t h e n  

H ( A B )  = H(A) + H A ( B )  

( i v )  In a l l  c a s e s  H A ( B )  5 H(B), t h a t  i s ,  on t h e  a v e r a g e  

t h e  knowledge  of  t h e  outcome  of   scheme A c a n   o n l y   d e c r e a s e  

t h e  u n c e r t a i n t y   o f   s c h e m e  B .  

( V I  H(plY p 2 , .  . . , P,, 0 )  = H(plY P ~ ~ . ~  . ,  P,) ,  t h a t  i s ,  

a d d i n g  t h e  i m p o s s i b l e   e v e n t  or any  number   o f   imposs ib le  

e v e n t s  to a scheme  does   no t   change  i t s  e n t r o p y .  

We n o t e  t h a t  w h i l e  ( i i)  a b o v e   g i v e s   o n e   o f  t h e  most 

i m p o r t a n t   p r o p e r t i e s   o f   e n t r o p y  , n a m e l y   “ a d d i t i v i t y  , I 1  w e  

c a n n o t   r e p l a c e   p o s t u l a t e  (4) i n  t h e  c h a r a c t e r i z a t i o n   o f  

e n t r o p y  b y  p r o p e r t y  ( i i ) ,  b e c a u s e  ( i i)  i s  much weaker .  We 

a l s o   r e m a r k  t h a t  t h e r e  a r e  f u n c t i o n s   o t h e r   t h a n  

H(P) = - 1 pi l o g  p i   w h i c h   s a t i s f y   p o s t u l a t e s  (l), ( 2 1 ,  (3) 
n 

i=l 

and ( i i ) .  F o r   e x a m p l e ,   R e n y i   g i v e s   t h e   f o l l o w i n g   d e f i n i t i o n  

o f   a n   e n t r o p y :  ’ D e f i n i t i o n  1 . 2 . 3  The f u n c t i o n  
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i s  c a l l e d  t he  e n t r o p y   o f '   o r d e r  a o f  t h e  d i s t r i b u t i o n  

P = ( p l y   p i  ,..., p n )   a n d  i s  denc;ted  by H , ( P ) .  

However ,   Shannon's   measure o f  e n t r o p y  i s  t h e   l i m i t i n g  

c a s e ,  as a + 1, of  Re'nyi 's  measure o f   e n t r o p y  , t h a t  i s  , 

Hence   Shannon ' s   measu re   o f   en t ropy ,   wh ich  i s  d e n o t e d  by  

H1(pl, p 2 , . . . ,   p n ) ,  may b e  c a l l e d   t h e   e n t r o p y   o f   o r d e r  1 o f  

t h e   d i s t r i b u t i o n  P .  

EntroDv  of  a C o n t i n u o u s   D i s t r i b u t i o n  

D e f i n i t i o n  1 . 2 . 4  The e n t r o p y  of a c o n t i n u o u s   d l s t r i b u t i o n  

w i t h  t h e  d e n s i t y   f u n c t i o n   p ( x )  i s  

m 

H = -1  P ( X >  l o g   p ( x >   d x .  
- m  

F o r  a n   n - d i m e n s i o n a l   d i s t r i b u t i o n  w i t h  t h e  d e n s i t y  

d i m e n s i o n a l )  , we have  

D e f i n i t i o n  1 . 2 . 6  T h e   c o n d i t i o n a l   e n t r o p i e s   f o r   p ( x , y )  are  
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The e n t r o p i e s  o f  c o n t i n u o u s   d i s t r i b u t i o n s   h a v e   m o s t  

( b u t   n o t  a l l )  o f  t h e  p r o p e r t i e s  of  t h e  d i s c r e t e   c a s e .  For 

example ,  we have  

( i )  for any twc variables x, y 

H ( x , Y )  = H ( x )  + H ( y )  

i f  a n d   o n l y   i f  x and y 8.re i n d e p e n d e n t . ( R a n d o m   v a r i a b l e s  x 

and y a r e  i n d e p e n d e n t  i f  p ( x , y )  = p ( x )   p ( p ) ) ,  

There i s ,  h o w e v e r ,   o n e   i m p o r t a n t   d i f f e r e n c e   b e t w e e n  t h e  d i s -  

c r e t e   a n d   c o n t i n u o u s   e n t r o p i e s .   I n  t h e  d i s c r e t e   c a s e  t h e  

e n t r o p y   m e a s u r e s   i n   a n   a b s o l u t e  way t h e   r a n d o m n e s s  of  t h e  

c h a n c e   v a r i a b l e .   I n  t h e  c o n t i n u o u s   c a s e   t h e   m e a s u r e m e n t  

i s  r e l a t i v e   t o  t h e  c o o r d i n a t e  s y s t e m ;  i f  t h e   c o o r d i n a t e s  

a r e  changed ,  t h e  e n t r o p y  w i l l ,  i n   g e n e r a l ,  also change .  

I n  t h e  c o n t i n u o u s   c a s e  t h e  e n t r o p y   c a n  b e  c o n s i d 9 r e d  a 

measure  of r a n d o m n e s s   r e l a t i v e   t o   a n   a s s u m e d   s t a n d a r d ,  

n a m e l y   t h e   c o o r d i n a t e   s y s t e m   c h o s e n .  
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. .  

I n   s p i t e   o f  t h i s  dependence   on  t h e  c o o r d i n a t e  s y s t e m ,  

t h e   e n t r o p y   c o n c e p t  i s  as i m p o r t a n t   i n  t h e  c o n t i n u o u s   c a s e  

as i n   t h e   d i s c r e t e   c a s e .   T h i s  i s  d u e   t o  t h e  f a c t  t h a t  t h e  

d e r i v e d   c o n c e p t s   o f   i n f o r m a t i o n  r a t e  a n d   c h a n n e l   c a p a c i t y  

depend  on t h e  d i f f e r e n c e   o f   t w o   e n t r o p i e s   a n d  t h i s  d i f f e r -  

ence   does   no t   depend   on  t h e  c o o r d i n a t e  frame, e a c h   o f   t h e  

two terms be ing   char ,ged  by  t h e  same amount .  

En t ropy  o f  G e n e r a l i z e d   P r o b a b i l i t y   D i s t r i b u t i o n s  

The c h a r a c t e r i z a t i o n   o f   m e a s u r e s   o f   e n t r o p y   ( a n d   i n f o r m a -  

t i o n )   b e c o m e s  much s i m p l e r  if we c o n s i d e r  t hese  q u a n t i t i e s  

as d e f i n e d   o n  t h e  s e t  o f   g e n e r a l i z e d   p r o b a b i l i t y   d i s t r i b u t i o n s .  

Le t  ( R , B , P )  b e  a p r o b a b i l i t y   s p a c e   i n   w h i c h  R i s  an  a r b i t r a r y  

nonempty s e t  c a l l e d   t h e  s e t  of  e l e m e n t a r y   e v e n t s .  B i s  a 

a - a l g e b r a  o f  s u b s e t s   o f  R w h i c h   c o n t a i n s  R i t s e l f .  And P i s  

a p r o b a b i l i t y   m e a s u r e ,   w h i c h  i s  a n o n n e g a t i v e   a n d   a d d i t i v e  

s e t  f u n c t i o n  for which P(R) = 1, d e f i n e d   o n  B .  F i r s t  we g i v e  

some r e l e v a n t   s t a n d a r d   d t f i n i t i o n s   f r o m  t h e  p r o b a b i l i t y  

t h e o r y .  

D e f i n i t i o n  1 . 2 . 7  A f u n c t i o n  5 = E ( w >  which i s  d e f i n e d   f o r  

w E Q1, where   Band P(R,j z 0 ,  and  which i s  m e a s u r a b l e  

w i t h  r e s p e c t   t o  B i s  c a l l e d  a g e n e r a l i z e d   r a n d o m   v a r i a b l e .  

D e f i n i t i o n  1 . 2 . 8  If P(Ql) = 1 t h e n  6 i s  c a l l e d   a n   o r d i n a r y  

(or c o m p l e t e )   r a n d o m   v a r i a b l e .  
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D e f i n i t i o n  1.2.9 If c) < P(R1) < 1, t h e n  5 i s  c a l l e d  a n  

i n c o m p l e t e   r a n d o m   v a r i a b l e .  An i n c o m p l e t e   r a n d o m   v a r i a b l e  

c a n  b e  i n t e r p r e t e d  as a q u a n t i t y   d e s c r i b i n g  the  r e s u l t  o f  an  

expe r imen t ,   depend ing   on   chance   wh ich  i s  n o t  always 

o b s e r v a b l e ,   o n l y  w i t h  p r o b a b i l i t y  P(R ) < 1. 1 

D e f i n i t i o n  1 . 2 . 1 0  The d i s t r i b u t i o n   o f  a g e n e r a l i z e d   r a n d o m  

v a r i a b l e  i s  c a l l e d  a g e n e r a l i z e d   p r o b a b i l i t y   d i s t r i b u t i o n .  

I n  p a r t i c u l a r ,  when 5 takes on   on ly  a f i n i t e  number  of 

d i f f e r e n t   v a l u e s  x x x t h e  d i s t r i b u t i o n   o f  5 c o n s i s t s  

o f  t h e  s e t  of  numbers p = P ( S  = x i )   f o r  i = 1, 2 ,  . . . ,  n .   T h u s ,  
1' 2 ' " "  n '  

i 

D e f i n i t i o n  1 . 2 . 1 1  A f i n i t e   d i s c r e t e   g e n e r a l i z e d   p r o b a b i l i t y  " 

d i s t r i b u t i o n  i s  a s e q u e n c e   p l ,   p 2 ,  . . . , pn   o f   nonnega t ive  

numbers   such  t h a t  f c r  P = ( p l ,   p 2 , .  .., pn>   and  W(P> = 1 p i ,  
n 

i=l 
we have 0 W(P> 1. 1. W ( P >  i s  c a l l e d  t he  we igh t  o f  t h e  

d i s t r i b u t i o n .   T h u s  t h e  weight o f   a n   o r d i n a r y   d i s t r i b u t i o n  

i s  e q u a l   t o  1. 

D e f i n i t i o n  1 . 2 . 1 2  An i n c o m p l e t e   d i s t r i b u t i o n  i s  a d i s t r i b u t i o n  

f o r   w h i c h  W ( P >  i s  s t r i c t l y  l e s s  t h a n  1. 

Let  A d e n o t e  t h e  s e t  of  a l l  f i n i t e   d i s c r e t e   g e n e r a l i z e d  

p r o b a b i l i t y   d i s t r i b u t i o n s ,  t h a t  i s ,  A i s  t h e  s e t  o f  a l l  

s e q u e n c e s  P = ( p l ,   p 2 ,  ..., p n )  o f  nonnega t ive   numbers   such  
n 

t h a t  0 c 1 Pi - < 1. 
i=l 
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D e f i n i t i o n  1.2.13 The   en t ropy  H , ( P )  of a g e n e r a l i z e d  

p r o b a b i l i t y   d i s t r i b u t i o n  P = ( p l y   p 2 ,  ..., p n )  i s  c h a r a c t e r i z e d  

by t h e   f o l l o w i n g   f i v e   p o s t u l a t e s :  

I 

P o s t u l a t e  1: 

P o s t u l a t e  2 :  

P o s t u l a t e  3 :  

P o s t u l a t e  4 :  

H ( P )  i s  a s y m m e t r i c   f u n c t i o n   o f   t h e  

e l e m e n t s   o f  A .  

For a more d e t a i l e d  p r e s e n t a t i o n   s e e  [ 2 0 ] .  

1 . 3  P ragmat i c   Approach  to E n t r o p y  

I n  t h e  p r e c e d i n g   s e c t i o n  w e  i n v e s t i g a t e d  t h e  a x i o m a t i c  

a p p r o a c h   t o   t h e   c o n c e p t   o f   e n t r o p y .   I n   o t h e r   w o r d s ,   s t a r t i n g  

f r o m   t h e   i n t u i t i v e   n o t i o n   o f   i n f o r m a t i o n ,  we d e s c r i b e d  t h e  

p r o p e r t i e s   w h i c h  a r e a s o n a b l e   m e a s u r e   o f   i n f o r m a t i o n   m u s t  

p o s s e s s   a n d   t h e n  i t  was n e c e s s a r y  to f i n d   t h o s e   m a t h e m a t i c a l  
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e x p r e s s i o n s   w h i c h   s a t i s f y  t h e  p o s t u l a t e d   p r o p e r t i e s .  

On t h e   o t h e r   h a n d ,  i t  i s  v a l i d   t o   c o n s i d e r  t h e  p r a g m a t i c  

a p p r o a c h   t o   t h e  same prob lem.  We may c o n s i d e r   c e r t a i n   s p e c -  

i f i c   p r o b l e m s   i n   i n f o r m a t i o n   t h e o r y   a n d   a c c e p t  as a measu re  

o f   i n f o r m a t i o n   t h e   a c t u a l   s o l u t i o n   o b t a i n e d .   T h i s   a p p r o a c h  

has been   emphas ized  by W o l f o w i t z   i n  h i s  book [23]. We p r e s e n t  

now, as an   example ,  a s i m p l e   c o d i n g   p r o b l e m   a n d  t h e  f o r m u l a -  

t i o n   o f  i t s  e n t r o p y  as d e s c r i b e d  by  Rgnyi i n  [21]. 

Let  C1., 52y...y 5 ,  be a s e q u e n c e  of i n d e p e n d e n t   i d e n t i -  

c a l l y  d i s t r i b u t e d  random! v a r i a b l e s ,   e a c h  o f  wh ich   t akes   on  

t h e   d i f f e r e n t   v a l u e s  xl, x2,..., x, w i t h  c o r r e s p o n d i n g  

p r o b a b i l i t i e s  p1 , p 2  y . .  . p a ,  t h a t  i s ,  
a 

The s e q u e n c e  tl, C 2 ,  . . . ,  S n  may be i n t e r p r e t e d  as p r o d u c e d  

b y  a n   i n f o r m a t i o n   s o u r c e   e m i t t i n g   s t a t i o n a r y   a n d   i n d e p e n d e n t  

s i g n a l s .   L e t  R b e   t h e   s e t  of  a l l  o r d e r e d   s e q u e n c e s  of l e n g t h  

n o f   t h e   s y m b o l s   x l ,  x2, ..., x,. Let  a f i x e d   n u m b e r  E: 

( O <  E <1) b e   g i v e n   a n d   c o n s i d e r   t h o s e   s u b s e t s  E of Q n  f o r   w h i c h  

P n ( E )  1 - E where P n ( E )  i s  t h e  p r o b a b i l i t y  t h a t  t h e  o b s e r v e d  

s e q u e n c e  s l y  t2,...5 b e l o n g s   t o  t h e  s e t  E .  L e t  b ( n , ~ )  

d e n o t e   t h e  minimum of t h e  number o f  e l e m e n t s   o f   s u c h  se t s .  

I n   o t h e r   w o r d s ,  i f  N(E) d e n o t e s  t h e  number of e l e m e n t s  of  

s u c h   s e t s  E ,  t hen   b (n ,E : )  = min N(E), where P n ( E )  - > 1 “E. 

n 

n 
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Now i t  c a n  b e  shown t h a t   t h e  limit 

e x i s t s ,  i s  i n d e p e n d e n t  of E ,  and i t  d e p e n d s   o n l y   o n   t h e  

d i s t r i b u t i o n  P .  

That  i s ,  

If the   numbers   pk  a re  a l l  e q u a l   t h e n  

log2 b ( n ,  E )  = n E ( P )  + 4; X D - l o g  * + O(1) 
2 l o g  2 

where - 1 - 

and X i s  d e f i n e d  b y  O(X) = 1 - E ,  where @(x) d e n o t e s  t h e  s t a n d a r d  

n o r m a l   d i s t r i b u t i o n   f u n c t i o n  

and O(1) d e n o t e s  a r e m a i n d e r  term which   remains   bounded f o r  

n + + a. 
Thus we may c o n s i d e r  as a p r a g m a t i c   d e f i n i t i o n  o f  t h e  

e n t r o p y  H ( P )  t h e  f o l l o w i n g   i n t e r p r e t a t i o n .  If we want t o  

e x p r e s s  t h e  s e q u e n c e  of  s i g n a l s  C l y  C 2 ' . . . ,  5, b y  a sequence  

of  0 ' s  and 1's s o  t ha t  t h e  c o r r e s p o n d e n c e   s h o u l d  be  one-to-one 

t h e n   t h i s   c a n  be a c c o m p l i s h e d  b y  u s i n g   s e q u e n c e s  o f  0 ' s  and 

1's o f  l e n g t h   n H ( P )  + O ( J n > .  

18 



Thus i f  we a c c e p t  as t h e  u n i t y  of t h e  amount of i n f o r m a t i o n  

t h e   m a x i m a l   a m o u n t   o f   i n f o r m a t i o n   w h i c h  a s i g n a l   c a p a b l e   o f  

on ly   two   va lues  ( 0  and  1) c a n   c a r r y ,   t h e  H(P) c a n  be  i n t e r p r e t e d  

as t h e  a m o u n t   o f   i n f o r m a t i o n   p e r   s i g n a l   p r o d u c e d   b y  a s t a t i o n a r y  

s o u r c e   o f   i n d e p e n d e n t   s i g n a l s ,  i f  t h e  p r o b a b i l i t y   d i s t r i b u t i o n  

of  t h e  p o s s i b l e   v a l u e s   o f   t h e   s i g n a l s  i s  

E = ( p l ,   p 2 ,   . . . , p a ) .   I n   w h i c h   c a s e  

H ( F )  2 l o g 2  a 

s r i t h   e q u a l i t y  if p1 = p 2 =   . . . = p a =  l / a .  

Comparison o f  t h e   a x i o n a t i c   a p p r o a c h   t o  t h e  p r a g m a t i c  

a p p r o a c h   r e v e a l s  t h a t  t h e s e  a re  n o t  r e a l l y  o p p o s i n g   p o i n t s  o f  

v i e w ,   b u t   i n s t e a d  a r e  complementary t o  e a c h   o t h e r .  One 

p r o v i d e s  a necessa ry   check   on  t h e  o t h e r .  The  a x i o m a t i c  

a p p r o a c h  may g i v e  a t h e o r e t i c a l l y   s o u n d   c h a r a c t e r i z a t i o n   o f  

e n t r o p y   b u t  i t  m u s t   a l s o   p r o v i d e  a m a t h e m a t i c a l   e x p r e s s i o n  

which   can  b e  u t i l i z e d  to a d v a n t a g e   i n   p r a c t i c a l   p r o b l e m s .  

On t h e  o t h e r   h a n d ,   s o l u t i o n s   t o   s p e c i f i c   p r o b l e m s  a re  n o t  

o f   s p e c i a l   c o n s e q u e n c e  i f  t h e y  are  b a s i c a l l y   u n r e l a t e d   t o  

e a c h   o t h e r .   H o w e v e r ,  i f  t hese  s o l u t i o n s   r e p e a t e d l y  f o l l o w  

a d e f i n i t e   f o r m   h a v i n g  s imi l a r  p r o p e r t i e s ,   t h e n   t h e   a p p r o a c h  

i s  s i g n i f i c a n t .   S u c h  i s  t h e  c a s e  w i t h  t h e  measu re   o f  

i n f o r m a t i o n .  
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1 . 4  E n t r o p y   i n  Te rms  o f   I n f o r m a t i o n  

L e t  5 and  n b e  r a n d o m   v a r i a b l e s   w i t h   v a l u e s   i n   t h e  

m e a s u r a b l e   s p a c e s  ( X , S  ) and  (Y ,S r e s p e c t i v e l y .  
X Y 

where  the  supremum i s  t a k e n   o v e r  a l l  p a r t i t i o n s  { E i }  o f  X and 

IF.} of  Y ,  i s  c a l l e d   t h e   i n f o r m a t i o c   o f   o n e   o f  t h e  v a r i a b l e s  

w i t h   r e s p e c t   t o   t h e   o t h e r .  
J 

D e f i n i t i o n  1 . 4 . 2  T h e   q u a n t i t y  I ( 5 , S )  = H(S) i s  c a l l e d   t h e  

e n t r o p y   o f   t h e   r a n d o m   v a r i a b l e  E .  

D e f i n f t i o n  1 . 4 . 3  T h e   f u n c t i o n  i ( x , y )  = l o g  a ( x , y )  i s  

c a l l e d   t h e   i n f o r m a t i o n   d e n s i t y   o f  t h e  r a n d o m   v a r i a b l e s  5 and n .  
511 5 v  

The f o l l o w i n g   b a s i c   p r o p e r t i e s   o f   i n f o r m a t i o n   a r e   d u e  

t o   P i n s k e r   a n d   p r o o f s  may b e   f o u n d   i n  [191. 

(i) I ( 5 , n )  2 0. 

I(<,n) = 0 if a n d   o n l y   i f  5 and  are  i n d e p e n d e n t .  

( ii) I ( < , n )  = I ( n , c ) .  

(iii) If t h e   r a n d o m   v a r i a b l e s  5 = (C1, S2) and  n = ( n l y n 2 )  

a re  i n d e p e n d e n t ,   t h e n  
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and w i t h  p r o b a b i l i t y   o n e  

( i v )  If t h e   r a n d o m   v a r i a b l e  rl = f ( 5 )  i s  a m e a s u r a b l e  

f u n c t i o n   o f  t h e  r a n d o m   v a r i a b l e  5 ,  t h e n  

D e f i n i t i o n  1 . 4 . 4  The f u n c t i o n  h ( x )  = l o g  a ( x , x )  = 

l o g   1 / P 5 ( x ) =  -log P (x) i s  c a l l e d  t h e  e n t r o p y   d e n s i t y   o f  5 ,  

and i s  d i f C e r e n t   f r o m   z e r o   o n l y   o n  t h e  c o u n t a b l e  s e t  of  

p o i n t s   x l ,   x 2 ,  . . .  f o r   w h i c h   P ( x , ) ,   P ( x 2 ) ,  . . .  # 0 .  

5 5 5  

5 

F o r   o u r   p u r p o s e s ,  i t  w i l l  be s u f f i c i e n t  to g e n e r a l i z e  t h e  

c o n c e p t   o f   e n t r o p y  s o  t h a t  i n f o r m a t i o n   b e c o m e s  a s p e c i a l   c a s e  

o f   e n t r o p y .  

L e t  P and P 2  b e  t w o   p r o b a b i l i t y   m e a s u r e s   d e f i n e d   o n  t h e  1 
same measurab le  s p a c e  ( Q , S u )  and  l e t  { E i )  b e  a p a r t i t i o n   o f  0 .  

D e f i n i t i o n  1 . 4 . 5  The e n t r o p y  H (P,)   of P1 w i t h  r e s p e c t  to 
F2 

P i s  
2 

where t h e  supremum i s  t a k e n   o v e r  a l l  p a r t i t i o n s   o f  R .  Then 
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I n   g e n e r a l   t h e   p r o p e r t i e s   o f   t h e   e n t r o p y  H (P,) are  
p 2  

s i m p l y   r e p e t i t i o n s   o f   t h e   c o r r e s p o n d i n g   p r o p e r t i e s   o f   i n f o r -  

m a t i o n  ( see  Pinsker 1191). 

1.5 E n t r o p y  o f  Markov  Chains  

Let A1, A2,.. . , A k y . .  . b e  e v e n t s   j o i n i n g  a s t a t i o n a r y  

Markov c h a i n  of  o rde r  r w i t h  a f i n i t e  number of  s t a t e s  

S1 ,S2 , . . . ,Sn  for e v e r y   e v e n t .  L e t  p ( j ) ,   j = l Y 2 , . . . , n   d e n o t e  

t h e  p r o b a b i l i t y  of  the  s t a t e  S , and 1 p . = 1 .  L e t  
n 

j j=1 J 

P j l j 2 . .  . j (jm+l) der,c\te t h e  p r o b a b i l i t y   o f  t h e  s t a t e  S 
m j m + l  

f o r  t h e  e v e n t  A g i v e n   t h a t   t h e  f i r s t  m e v e n t s  were i n  t h e  

s t a t e s  S , S ,. .., s .  
m+ 1 

jl j 2  j m  

I n   g e n e r a l ,   f o r   c h a i n s   o f   o r d e r  r ,  we have  

D e f i n i t i o n  1 . 5 . 1  One- s t ep   en t ropy   o f  a Markov   cha in   o f  

o r d e r  r ,  we have   deno ted  by  H,, and i s  d e f i n e d  b y  t h e  

q u a n t i t y  
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We n o t i c e  t h a t  

( i )  f o r   i n d e p e n d e n t   e v e n t s  

( ii) f o r   s i m p l e   c h a i n s   ( o r d e r   o n e ) ,  

( i i i)  f o r   c h a i n s  of o r d e r  two 

From t h i s  i t  i s  o b v i o u s  t h a t  

( i )  for i n d e p e n d e n t   e v e n t s  we have 

H = H  
r r-1 

- - . . .  = Eo 

( i i )  for s i m p l e   c h a i n s   ( o r d e r   o n e )  

Hr  = f! r-1 
- - . . .  = H1, 

(i i i)  for c h a i n s  o f  o r d e r   t w o  

H r = H r - 1  - . . . = H2, e t c .  - 

L e t  p ( j l j 2  . . . j k )  d e n o t e  the p r o b a b i l i t y  of  t h e  j o i n t  

o c c u r r e n c e   o f  k e v e n t s   i n  s t a t e s  j l , j 2 , .  . . j k  r e s p e c t i v e l y .  

D e f i n i t i o n  1 . 5 . 2  The mean o n e - s t e p   e n t r o p y   ( d e n o t e d   b y  i i , )  

i s  d e f i n e d   b y  

I t  c a n  b e  shown t h a t  f o r  Markov  cha ins  o f  o r d e r  r, 
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k > r ,  we have l i r n  gk = H r .  
li +,x 

For p r o o f   o f   t h e   a b o v e ,   a n d  a d e t a i l e d  t r e a t m e n t   o f  

v a r i o u s   d e f i n i t i o n s   o f   t h e  Markov  cha ins  we r e f e r  t o  a 

paper   of   Ambarcumjan [ l] ,  t r a n s l a t e d   f r o m   R u s s i a n  by  

Dowker [ 6 ] .  

1 . 6  Remarks 

F o r  t h e  sake o f   c o m p l e t e n e s s ,  we a l s o   m e n t i o n  t h a t  a 

d e f i n i t i o n   o f   e n t r o p y ,   w i t h o u t   p r e s u p p o s i n g  t h e  n o t i o n  

o f   p r o b a b i l i t y  has b e e n   g i v e n  b y  Inga rden   and   Urban ik  [ 1 5 ] .  

T h i s   d e f i n i t i o n  makes use o f   B o o l e a n   r i n g s  w i t h  e l e m e n t s  

of a r i n g   b e i n g   c o n s i d e r ? d  8 s  e v e n t s .   H e n c e ,  t h e  whole 

a l g e b r a i c   s t r u c t u r e  i s  i n t e r p r e t e d  as a n   e x p e r i m e n t .  The 

i n f o r m a t i o n  i s  d e f i n e d  as a r e a l - v a l u e d   f u n c t i o n   o n  a s e t  o f  

f i n i t e   B o o l e a n   r i n g s .   H o w e v e r ,  i t  i s  f a r  t o o   i n v o l v e d   t o  b e  

p r e s e n t e d  h e r e .  It  must b e  p o i n t e d   o u t  here  t h a t   R e n y i  [211 

has shown t h a t  t h i s  approach   wh ich  f i r s t  i n t r o d u c e s   i n f o r -  

m a t i o n ,   w i t h o u t   u s i n g   p r o b a b i l i t i e s ,   d o e s   f i n a l l y   i n v o l v e  

p r o b a b i l i t i e s ,   a n d  t h a t  t h e   i n f o r m a t i o n   t h u s   d e f i n e d   c a n  b e  

e x p . r e s s e d   i n  terms o f   S h a n n o n ' s   e n t r o p y   m e a s u r e  by  means 

o f  a u n i q u e l y   d e f i n e d   c o n d i t i o n a l   p r o b a b i l i t y   m e a s u r e .  

T h i s   i n c i d e n t a l l y   a l s o   s u p p o r t s  t h e  v iew t h a t  t h e   n o t i o n  

o f   i n f o r m a t i o n   c a n n o t  be  s e p a r a t e d   f r o m  tha t  o f   p r o b a b i l i t y .  
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CHAPTER I1 

ENTROPY AND GRAPH THEORY 

I n  t h i s  c h a p t e r  we p r e s e n t   t h e   f u n d a m e n t a l   n o t i o n s   a n d  

d e f i n i t i o n s   f o r   g r a p h s   a n d   d i g r a p h s ,   a n d  t h e  two bas i c  

d e f i n i t i o n s   o f  a random  graph as g i v e n  by  ErodUs  and  Rgnyi 

[TI, and G i l b e r t  [ll]. The e n t r o p y   f u n c t i o n  i s  f o r m u l a t e d  

f o r  t h e  most common r a n d o m   g r a p h s   a n d   d i g r a p h s ,   a n d   a c t u a l  

v a l u e s  of t h e  entrclpy &re  c o m p u t e d   f o r  a s p e c i f i c   p r o b l e m  

o f   g roup   dynamics   t aken   f rom  Bhargava  [ 3 ] .  

2 . 1  D e f i n i t i o n s  From Gl-aph Theory  

I n  t h i s  s e c t i o n  we s t a t e  i n   s i m p l e  terms some o f  t he  

d e f i n i t i o n s ,   f r o m  t h e  t h e o r y   o f   g r a p h s   a n d   d i r e c t e d   g r a p h s ,  

which a re  r e l e v a n t   t o   o u r   w o r k .  De ta i l ed  a c c o u n t s  may b e  

f o u n d   i n   B e r g e  [ 2 ] ,  Bhargava  [ 3 ] ,  and  Ore C181. 

Let  A = CP1, P2, . . . ,  P n )  t e  a f i n i t e   c o l l e c t i o n  o f  n 

p o i n t s .  

D e f i n i t i o n  2 . 1 . 1  A g r a p h  G ( A j  o f   o r d e r   n ,   o n  t h e  s e t  A c o n s i s t s  

o f  all t h e  p o i n t s   i n  t h e  s e t  A ( c a l l e d   v e r t i c e s   o f  t h e  g r a p h ) ,  

and a s e t  o r   c o l l e c t i o n   o f   l i n e s  ( c a l l e d  edges o f   t h e   g r a p h )  

j o i n i n g   p a i r s   o f   p o i n t s   i n  t h e  s e t  A .  

D e f i n i t i o n  2 . 1 . 2  A p a t h   f r o m   v e r t e x  Pi o f  G(A) t o  a n o t h e r  

v e r t e x  P c o n s i s t s  of a c h a i n   o f  edges f rom Pi t o   P j ,   a n d  j 
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t h e   n u m b e r   o f   l i n e s   i n  t h e  p a t h   d e n o t e s   t h e   l e n g t h  o f  t h e  

p a t h .  

D e f i n i t i o n   2 . 1 . 3  A c y c l e  i s  a c l o s e d   p a t h .  

D e f i n i t i o n  2 . 1 . 4  A g r a p h  i s  c o n n e c t e d  i f  t h e r e  e x i s t s  a 

p a t h   b e t w e e n   e v e r y   p a i r   o f  i t s  p o i n t s ;   o t h e r w i s e   d i s c o n n e c t e d .  

D e f i n i t i o n  2 . 1 . 5  A d i g r a p h   ( d i r e c t e d   g r a p h )  r(A), o f   o r d e r  n 

on t h e  s e t  A c o n s i s t s a o f  a l l  t h e  p o i n t s   i n  t h e  s e t  A, and 

a s e t  o f   d i r e c t e d   e d g e s   j o i n i n g   o r d e r e d   p a i r s   o f   p o i n t s   i n  A .  

D e f i n i t i o n  2 . 1 . 6  A d i r e c t e d   p a t h   f r o m  Pi t o  P j  i s  a c h a i n   o f  

d i r e c t e d   e d g e s   o f  t h e  fo rm  P ip i l ,  P11Pi2 , . . . ,  PiLPj ;  t h e  

l e n g t h   o f  t h e  p a t h  i s  L ,  t h e  n u m b e r   o f   d i r e c t e d   e d g e s   i n  t h e  

+ _j + 

d i r e c t e d   p a t h .  

D e f i n i t i o n  2 . 1 . 7  r ( A )  i s  a l a b e l l e d  d i g r a p h  i f  e a c h   v e r t e x  

of r ( A )  i s  d i s t i n g u i s h a b l e   f r o m   e v e r y   o t h e r   v e r t e x .  

D e f i n i t i o n   2 . 1 . 8  A p o i n t  P i s  sa id  to be a c c e s s i b l e   f r o m  

a p o i n t  Pi i f  t h e r e  i s  a d i r e c t e d   p a t h   o f  some l e n g t h   g r e a t e r  
j 

t h a n   z e r o   f r o m  Pi t o  P . 
D e f i n i t i o n  2 . 1 . 9  r ( A )  i s  s t r o n g l y   c o n n e c t e d  i f  e a c h   p o i n t  

of A i s  a c c e s s i b l e   f r o m   e v e r y   o t h e r   p o i n t ;  T ( A )  i s  u n i l a t e r a l l y  

j 

c o n n e c t e d  i f ,  f o r   e v e r y   p a i r  o f  p o i n t s   b e l o n g i n g   t o  A ,  t h e r e  

i s  a d i r e c t e d   p a t h   f r o m  a t  l e a s t  one  of  them t o  t h e  o t h e r ;  

r ( A )  i s  weakly  c o n n e c t e d  i f  t h e r e  i s  a c h a i n   o f   c o n n e c t i o n s ,  

i g n o r i n g  a l l  d i r e c t i o n s ,   f r o m   e a c h   p o i n t   o f  A t o   e v e r y   o t h e r  

p o i n t ;  r ( A )  i s  d i s c o n n e c t e d  i f  i t  i s  n o t   e v e n  w e a k l y  c o n n e c t e d .  
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2 . 2  E v o l u t i o n   o f  Random Graphs 

The re  are two  known d i f f e r e n t   a p p r o a c h e s   t o   t h e   t h e o r y  

of   random  graphs  ; one  , due t o  ErdGs and  R6nyi  [ 7 1  , a n d   t h e  

o t h e r   d u e   t o  G i l b e r t  [ll]. We d e s c r i b e  these  b r i e f l y   i n   t h i s  

s e c t i o n .  

Erdijs and  RBnyi  Approach:  Let E d e n o t e   t h e   s e t   o f  a l l  

g r a p h s   h a v i n g  n g i v e n   l a b e l l e d   v e r t i c e s  Ply P 2 ,  ..., Pn and  

N e d g e s .   T h e s e   g r a p h s   a r e   n o t   o r i e n t e d ,   w i t h o u t   p a r a l l e l  

n,N 

e d g e s   a n d   w i t h o u t   l o o p s .   T h u s  a g r a p h   b e l o n g i n g   t o  t h e  s e t  

E,,N i s  o b t a i n e d  by  choosing N o u t   o f  t h e  p o s s i b l e  E) e d g e s  

b e t w e e n   t h e   p o i n t s  P l y  P2, ..., P,, a n d   t h e r e f o r e  t h e  number 

o f   e l e m e n t s   o f  E i s  e q u a l   t o  (ti! . We d e f i n e  a random 

g r a p h ,   d e n o t e d  by T n Y N ,  t o  be a n   e l e m e n t   o f  E chosen  a t  

random, s o  t h a t   e a c h  o f  t h e  e l e m e n t s  o f  E have  t h e  same 

p r o b a b i l i t y   t o   b e   c h o s e n ,   n a m e l y  1/ 

n,N 

n YN 

n YN 

(9 * 

A n o t h e r   p o i n t   o f   v i e w   d e s c r i b e s   t h e   f o r m u l a t i o n   o f  a 

random  graph  as a s t o c h a s t i c   p r o c e s s ,   b u t  i s  e q u i v a l e n t   t o  

t h e  o n e   g i v e n   a b o v e .  A t  time t = 1 w e  c h o o s e   o n e   o f   t h e  

14 p o s s i b l e  edges c o n n e c t i n g  t h e  p o i n t s  Ply P2, ..., P n ,  

e a c h   o f   t h e s e   e d g e s   h a v i n g  t h e  same p r o b a b i l i t y   t o  b e  c h o s e n ;  

l e t  t h i s  edge  be  d e n o t e d  b y  e l .  A t  t ime t = 2 w e  choose   one  

of  t h e  p o s s i b l e  E) - 1 e d g e s ,   d i f f e r e n t   f r o m  e l ,  a l l  t h e s e  

b e i n g   e q u i p r o b a b l e .   C o n t i n u i n g  t h i s  p r o c e s s  a t  t ime t = k + 1 

w e  choose   one   o f   t he  E) - k p o s s i b l e   e d g e s   d i f f e r e n t   f r o m  
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e d g e s  e l ,  e 2 ,  ..., ek already c h o s e n ,  each o f  t h e   r e m a i n i n g  

edges h a v i n g   t h e   p r o b a b i l i t y  1/ E\ - k . We d e n o t e  by 

rn ,N t h e   g r a p h   c o n s i s t i n g  o f  t h e   v e r t i c e s  P1, P 2 ,  ..., Pn 

a n d   t h e  edges e l ,  e 2 ,  ..., e N  

The fo l lowing   t heo rem  on   connec tedness   o f   r andom  g raphs  

i s  d u e   t o  Erd6s  and   Renyi :  

Theorem  2.2.1 L e t  Po(" ,  N c )  d e n o t e  t h e  p r o b a b i l i t y  o f  T n Y N  

b e i n g   c o m p l e t e l y   c o n n e c t e d   f o r  N = N c ,  where N e  = ( 1 / 2  n l o g  n 

+ c n ) .   T h e n  

F o r  p r o o f ,  we r e f e r  t o  [ 7 ] .  

G i l b e r t  Approach:  L e t  P . . . ,  Pn be  a s e t  o f  n p o i n t s .  

There  are  n ( n - 1 ) / 2   l i n e s   w h i c h   c a n  b e  d r a w n   j o i n i n g   p a i r s   o f  

these  p o i n t s .  Any s u b s e t   o f  t h e s e  1 j .nes  i s  a g raph   and  t h e r e  

a re  2n(n-1) /2  p o s s i b l e   g r a p h s   i n  a l l .  One o f  t h e s e   g r a p h s  

i s  chosen  by  t h e   f o l l o w i n g   r a n d o m   p r o c e s s ,   a n d  i s  c a l l e d  a 

r a n d o m   g r a p h :   f o r  a l l  p a i r s   o f   p o i n t s  make r a n d o m   c h o i c e s ,  

i n d e p e n d e n t   o f   e a c h   o t h e r ,   w h e t h e r  or n o t   t o   j o i n   t h e   p o i n t s  

o f  t h e  p a i r  by a l i n e .   I n   s u c h  a random  graph  a p o i n t  Pi 

i s  c o n n e c t e d   t o  a p o i n t  P i f  t h e r e  i s  a p a t h   o f  edges from 

Pi t o  P and t h e  random  graph i s  s a id  t o  be c o n n e c t e d  i f  

f o r   e v e r y   p a i r   o f   p o i n t s   ( P i , P j ) ,   P .  i s  c o n n e c t e d   t o  P . 

1, p29 

j 
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L e t  t h e   p r o b a b i l i t y   t h a t  t h e  g r a p h  is c o n n e c t e d  b e  

Pn and  t h e  p r o b a b i l i t y   t h a t   t w o   s p e c i f i c   p o i n t s  are  c o n n e c t e d  

be  R n .  We have  (see G i l b e r t  [ll]): 

Theorem  2.2.2 
’n = 1 - nqn- l  + o ( n  2 q 3n/2)  

o r ,   a s y m p t o t i c a l l y   f o r   n ,  

R a 1 - 2 q  n-1 
n 

where p i s  t h e   p r o b a b i l i t y   o f   a d d i n g   a n   e d g e   t o  t h e  random 

g r a p h ,   a n d  q = 1 - p t h e  p r o b a b i l i t y   o f   e r a s i n g   a n   e d g e  

f r o m   t h e   c o m p l e t e   g r a p h .  

2 . 3  E n t r o p y  ” of  Random Graphs - 

We d e r i v e ,   i n  t h i s  s e c t i o n ,   t h e   f o r m   o f  t h e  e n t r o p y  

f u n c t i o n   f o r  a f e w   s p e c i a l   c a s e s   o f   t h e   e v o l u t i o n   o f  a 

r a n d o m   g r a p h   a n d   d i g r a p h .  

Special Cases: 

( i )  L e t  A1 b e  t h e  e v e n t  t h a t  t he re  i s  an edge   f rom 

Pi t o  P i n   t h e  random  graph  rn c o n s i s t i n g   o f  n v e r t i c e s ,  

and  l e t  A 2  b e  t h e  e v e n t  t h a t  t h e r e  i s  no   edge   f rom Pi t o  

P . F o r  a l l  i,j = 1, 2 ,  . . . , n ,  w e  take P(A1) = l / ( n 2 / 2 ) ,  

and  P ( A 2 )  = 1 - l / ( n 2 / 2 ) ,   t h a t  i s ,  t h e   p r o b a b i l i t y   o f  

j 

j 

“978 
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finding any edge out of the n2/2 possible  edges (includ- 

ing loops;  a loop is  an edge from a point t o  itself) is the 

same. 

We have a finite  scheme 

for  which the entropy H is  given by 

2 
H = -K 1 P(A.)log  P(A.) 

j=1  J J 

= -K[l/(n2/2)log  1/(n2/2) + (1-l/(n2/2)log(l-1/(n2/2))1 

= -K[2/n2(10g  2/n2 - log(l-2/n2)) + log(l-2/n 2 )I 
H = -K[2/n210g  2/(n2-2) + log(1-  2/n2) 1 (2.3.1) 

(ii) We note that if loops are not allowed then the 

probabilities P(A1) and P(A2) are 1/ n(n-l) , and 1 - 1/ n(n-1) 2 2 
respectively, and the entropy H is  given by 

2 
H = -K 1 P(A.)log  P(Aj) 

j=1 J 

so that 

~ " . . .. ... .. . . .. , ... . . ._ . . .. . . . . . _. . . . . . _. . . . ._ . ..._ . . . " " .. 



(iv) In a  random  digraph,  with  proper  modifications o f  

terminology, P(A1) = l/n2, P(A2) = 1 - l/n2 for the case 

when loops are allowed; and P(A1)= l/n(n-l),  P(A2)=  l-l/n(n-l)y 

f o r  the case when  loops are not allowed. For these two 

cases, we find: 

H = -K[l/n210g  l/n2 + (1 - l/n2)log( 1 - l/n2)] 
H = -K[l/n210g  l/(n2-l) + log(1 - l/n2)] (2.3.4) 

and 

H = -K[ 1 1 + (1 - log(1- > I  
n(n-1) log n(n-1)  n(n-1)  n(n-1) 

(2. 3 .4‘) 

the maximum  value, H of the entropy H: max ’ 

Hmax = -K[1/210g  1/2 + 1/2 log 1/23 
= -K[(1/2 + 1/2)10g  1/21 

= -K[-log 21 

Hmax = K log 2 



G e n e r a l  Cases : 

(i)  C o n s i d e r  now t h e  g e n e r a l   s c h e m e   i n  a random 

g r a p h  ( w i t h  l o o p s ) ,  w i t h  e v e n t s  A,  t a k i n g   p l a c e  w i t h  
J 

p r o b a b i l i t i e s  P ( A . ) =  1/t2i2), j = 1, 2, .. . , n 2 / 2 .  The 
J 

e n t r o p y   f u n c t i o n  i s  

(ii) The o t h e r   i n t e r e s t i n g   c a s e   o f  ( i )  c o n s i s t s   i n  

t a k i n g  P ( A . ) =  l/(- - j+ l )  i n   w h i c h   c a s e  we g e t  n2 
J 2 

(iii) F i n a l l y ,   t a k i n g  P ( A . )  to b e  a l l  e q u a l  to l / (n2 /2 ) ,  
J 

we g e t  t h e  maximum e n t r o p y  
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(iv) We may s i m i l a r l y   d e r i v e  t h e  e n t r o p y   f u n c t i o n  H 

for t h e  t h r e e  c a s e s   i n  a r andom  d ig raph  ( w i t h  l o o p s ) ,   g i v i n g  

2 
j -2  n -2 
1 l o g ( j - k )  - I l o g ( n 2 - k )  

k= 1 k=l 1 ( 2 . 3 . 9 )  

(2.3.10) 

(2.3.11) 
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E r d B s  a n d   R e n y i   c a s e :  L e t  A b e  t h e   e v e n t   t h a t  a random 1 
g r a p h  r i s  c o m p l e t e l y   c o n n e c t e d ,  s o  t h a t  P(A1)= e -,-2c 

(Theorem 2 . 2 . 1 ) ;  l e t  A 2  be  t h e   e v e n t   t h a t  r i s  n o t  

c o m p l e t e l y   c o n n e c t e d ,   t h e n  P ( A  ) =  1 - e . I n   t h i s  

c a s e  

n,Nc 

n , N C  - e-2c 
2 

- (  2c+e  - 2 ~  j -e -2c 
H = -KC-e + l o g ( 1  - e 1 -  

- e l o g ( 1  - e 11 ( 2 . 3 . 1 2 )  
e -2C -e -2c 

O t h e r   c a s e s  may b e  h a n d l e d   i n  a more or l e s s  similar 

manner .  

2 . 4  E n t r o p y   f o r  a P r o b a b i l i t y   M o d e l  " 

We compute now t h e  v a l u e   o f   t h e   e n t r o p y   f u n c t i o n   f o r  

a n   a c t u a l   s e t  of data  t a k e n   f r o m   a n   e x a m p l e   g i v e n   i n  

Bhargava  C31. I n  [31  B h a r g a v a   c o n s i d e r s  a d i g r a p h   t y p e  

model for a g r o u p   d y n a m i c s   s i t u a t i o n   w h i c h   c o n s i s t s  of 2 5  

"members ,I1 each   mak ing  t h r e e  " c h o i c e s "  of " a s s o c i a t i o n "  

from among t h e  r e m a i n i n g  2 4  "members".   The  "group 
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c o n f i g u r a t i o n "   t h u s   o b t a i n e d   c a n  be r e a s o n a b l y   r e p r e s e n t e d  

by  a d i g r a p h  w i t h  n = 2 5   v e r t i c e s ,   a n d  N=75 d i r e c t e d  edges,  

s u c h  t h a t  there  a re  e x a c t l y  th ree  o u t g o i n g  edges f rom 

e v e r y   v e r t e x   t o   a n y   o f  t h e  r e m a i n i n g  2 4  v e r t i c e s .   I n  

h i s  p r o b a b i l i s t i c   m o d e l ,   B h a r g a v a ' s   a p p r o a c h   c o n s i s t s  

i n   v i e w i n g  t h e  t o t a l   " g r o u p   c o n f i g u r a t i o n ' '  as a n   a g g r e g a t e  

o f  t h e  " s u b g r o u p   c o n f i g u r a t i o n s  of o r d e r  k ,  k > 2 , "  - where 

e a c h   o f  t h e  " k - o r d e r   s u b g r o u p   c o n f i g u r a t i o n s "  i s  i t s e l f  

a n   a g g r e g a t e   o f  t h e  " b i n a r y   d y a d i c   r e l a t i o n s "   b e t w e e n  

p a i r s   o f  "members" o f   t h e   g r o u p .   I n  t h i s  f a s h i o n ,  a 

s t o c h a s t i c   p r o c e s s  i s  d e s c r i b e d ,   a n d   e x a c t   a n d   a p p r c x i m a t e  

p r o b a b i l i t i e s  a r e  d e r i v e d   f o r   v a r i o u s   c a s e s .  We i n v e s t i g a t e  

below  two  of t h e s e  c a s e s ,   f o r  k = 2  and k = 3 ,  f rom t h e  view- 

p o i n t  of  t h e  amount of  i n f o r m a t i o n   c o n t a i n e d   i n  t h e s e  

e x p e r i m e n t s .  

Case k = 2 :  The e v e n t s  A1, A 2 ,  A c o r r e s p o n d ,   f o r  a d i g r a p h  

o f  o r d e r  two, t o  t h e  c o n n e c t e d n e s s   p r o p e r t i e s - - - s t r o n g l y  

c o n n e c t e d ,   u n i l a t e r a l l y   ( b u t   n o t   s t r o n g l y )   c o n n e c t e d ,   a n d  

d i s c o n n e c t e d .   ( T h e r e  a re  n o   w e a k l y   c o n n e c t e d   d i g r a p h s   o f  

o r d e r   t w o . )  The e x a c t   a n d   a p p r o x i m a t e   p r o b a b i l i t i e s  are 

3 
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d e n o t e d  by  P(A.) and  P(A. ) r e s p e c t i v e l y ,   a n d  are g i v e n  by  
J J 

where e i s  the  r a t i o  of t h e  number   o f   ou tgo ing   edges   f rom a 

v e r t e x  to t h e  t o t a l  number   o f   ve r t i ce s   minus   one  (e i s  a l s o  

c a l l e d   t h e  " ra te  of v a l e n c y " ) .  

( ii) For  8 = 3/24, w e  have  

For c a s e  ( i )  t h e  e n t r o p y   f u n c t i o n  H i s  g i v e n  b y  

= -K[e*log 1/4 + 2e10g 2e/(1-e) + l o g  (1-e) 2 1 

H = -~[-.6021e + 2e10g 2e/(1-e) + 2 log (l-e)] (2.4.1) 2 

where K h 2.103 u s i n g  common l o g a r i t h m s   t o  base 1 0 .  

For c a s e  (ii) t h e  e n t r o p y   f u n c t i o n s  Hexac t  and   Happrox .  

a r e   f o u n d  to be  ( u s i n g   l o g a r i t h m s  to base 10) 
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= -K[5/300 log 5/300 + 68/3OO log 68/300 + 
227/300 log 227/3001 

= -K[-.2674] 

H = .5623 e x a c t  (2.4.2) 

= -K[5/300 log 5/300 + 66/300 log 66/3OO + 
229/300 log 229/3001 

= -K[-.2641] 

H a p p r o x  = .5554 

We remark t h a t  t h e  v a l u e s   o f  Hexact  and   Happrox .  as 

g i v e n  by  (2.4.2) and (2.4.3) r e s p e c t i v e l y  are  n o t  mucil 

d i f f e r e r l t   f r o m   e a c h   o t h e r ,   a n d   f r o m   t h e   v i e w p o i n t   o f  t h e  

e n t r o p y ,  t h e  a p p r o x i m a t i o n   s e e m s  t o  be  q u i t e   g o o d .  

Case k = 3: The e v e n t s  A 

d i g r a p h  of o r d e r   t h r e e ,  t o  t h e  c o n n e c t e d n e s s   p r o p e r t i e s - - -  
1’ A 2 ’  A 3 ’  4 A c o r r e s p o n d ,   f o r  a 
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s t r o n g l y   c o n n e c t e d ,   u n i l a t e r a l l y   ( b u t   n o t   s t r o n g l y )   c o n n e c t e d ,  

w e a k l y   ( b u t   n o t   u n i l a t e r a l l y )   c o n n e c t e d ,   a n d   d i s c o n n e c t e d .  

The e x a c t   a n d   a p p r o x i m a t e   p r o b a b i l i t i e s  are a g a i n   d e n o t e d  

by  P(A.) and F(A.) r e s p e c t i v e l y ,   a n d  a re  g i v e n  by  
J J 

where 0 i s  t h e  r a t e  o f  v a l e n c y  as p r e v i o u s l y   d e s c r i b e d .  

(ii) F o r e  = 3/24, w e  have 

P(A~) = 10/2300 

P(A2) = 186/2300 

P(A~) = 1-12/2300 

P(A4) = 1992/2300 

- 
P(A~) = 1012300 
- 
P(A2) = 183/2300 

For c a s e  (ii) t h e   e n t r o p y   f u n c t i o n s  Hexact  and Happrox .  

a re  found  t o  be  
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= -K[10/2300 l o g  10/2300 + 186/2300 l o g  186/23OO + 

ll2/23OO log ll2/23OO + 1992/2300 l o g  1992/2300] 

= -K[.OO4348 (-2.36173) + .08087(-1.09222) + 
.4870  (-1.31251) + .8661 (-.06244)] 

= -K[-.21660] 

H e x a c t  = .3598 (2.4.4) 

where K 1.661. 
Ll 

H = -K f P ( A . 1  l o g  P ( A j )  a p p r o x .  j = 1  J 

= -K[10/2300 l o g  10/2300 + 183/23OO l o g  183/23OO 

+ 126/23OO l o g  126/23OO + 
1981/2300 l o g  1981/2300] 

= -K[.OO4348(-2.36173) + .O7956(-1.09928) + 
.06897(-1.26136) + .8618(-.06485)] 

= -K[-.22265] 

H a p p r o x .  = .3698 (2.4.5) 

By p u t t i n g  P ( A . )  = 1/4, j = 1, 2, 3,  4, w e  ge t  
J 

4 
Hrnax. = -K 1 P ( A . )  l o g  P ( A . )  

j=1 J J 

= -K[1/4 l o g  1/4 + 1/4 l o g  1 / 4  + 1/4 l o g  1/4 + 
1/4 l o g  1/41 
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= -K[-.60206] 

H = 1.00 max. ( 2 . 4 . 6 )  

We n o t i c e  t h a t  f o r   c a s e  k = 2 t h e  e n t r o p y  i s  l a r g e r  

for t h e  e x a c t   p r o b a b i l i t i e s   t h a n   f o r  t h e  a p p r o x i m a t e  

p r o b a b i l i t i e s ,  as we w o u l d   e x p e c t .  And f o r  c a s e  k = 3 

t h e  r e v e r s e   s i t u a t i o n  i s  t r u e ;  t h e  e n t r o p y   f o r  t h e  a p p r o x i m a t e  

p r o b a b i l i t i e s  i s  g r e a t e r  t h a n  t h a t  f o r  t h e  e x a c t   p r o b a b i l i t i e s .  

However, i n   b o t h   c a s e s ,  t h e  a b s o l u t e   d i f f e r e n c e   b e t w e e n  

t h e  e x a c t   c a s e   a n d  t h e  a p p r o x i m a t e   c a s e  i s  r e l a t i v e l y   v e r y  

small, a n d ,   h e n c e ,   f r o m  t h e  v i e w p o i n t   o f   e n t r o p y  t h e  a p p r o x i -  

m a t i o n s  seem ve ry   good .  
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